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Pseudo code: (Input: qo=[so, Vo], gu=[$n, Vu] , n; Output: each gyin the loop)

a = cos™(dot(qs, q);
B =aln;
u = (Sova— SaVo + voXvy,) / sin(Q);
q. =[cos(P), sin(P)u]l;
qx = qo,
for (k=1; k<n; ++k)
qx = 4. qx; /I quaternion multiplication

Listing 1: Power Function

Pseudo code: (Input: qo=[so, Vo], qu=[sn, vu] , n; Output: each gyin the loop)

a = cos'(dot(qo, qn));

B =aln;
C =cos(P);
S =sin(P);
g« = qo;

i = (gn—cos(a)qo) / sin(a);
for (k=1; k<n; ++k) {

Gmp = Cqi + Sq ; /I scalar-quaternion product
4r =Cq, —Sqq /I scalar-quaternion product
qk = thp;

Listing 2: Tangent Quaternion




Pseudo code: (Input: qo=[so, vol, qu=[sn, Va] , n; Output: each gyin the loop)

a = cos™(dot(qo, qn));

B =aln;

¢ =c=cos(P) + isin(p);

qo = [gu—cos(a)qo] / sin(a);

for (=1, ci=c; k<n, ++k){
qx = cr.a*qo + ci.b*qy;  //.a and .b are real and imaginary components
cr = cifc; // complex number multiplication

Listing 3: Complex Number

Pseudo code: (Input: qo=[so, Vo], gu=[sn, Vu] , n; Output: each gy in the loop)

a = cos"(dot(qo, qn));

B =aln;

A =2cos(p);

4o = (gn = cos(@)qo) / sin(a);
qi-1 = 4qo;

g = cos(B)qo +sin(B) 9o ;
for (k=2; k<n; ++k) {

Gmp = gk,
g« = Ag — qi; /| Chebyshev recurrence
qk-l = qtmp;

Listing-4: Chebyshev Sequence




Appendix 3.1
By definition

_ _ 2
|SOVn s,Vo TV xvn|_\/(S0vn 5,V T Ve Xv,)

_ 2 2 2 2 2
= \/SO v, s, vt (v Xv,)T = 2808, v, T8,V Wy Xv,) = s, v, Wy, Xv,)

Since (v, Xv,)* = (Lagrange’s Identity), and since s,v, {0v,*v,) and s,v, [{v,%Vv,) are

both zeros, we replace, rearrange, regroup and obtain

_ 22 22 22 _ 2 _
|s0vn s, v, t voxvn|—\/s0 v, Fs, vy vy, (v )T 2808, vV,

n

_ 2 2 2 2 2.2 2,2 _ 2,2 _ _ 2
_\/SO vn +Sn vO + vO vn + SO sn S() Sn 2S0Snv0vn (v() lj)n)

= 5,2+ ), +5,7) = ((5,5,)° +25,5, v, +(v, 3,))
=J1-(¢,4,)’
=,/1-cos’*(a) =sin(a)

Appendix 3.2
Let [1, 0] be an identity quaternion.

g, = (sin(@ = kB) q, +sin(kB)[cos(ar), sin(a)u]q,)/sin(ar)
= (sin(a = kB)[1, 01q, +sin(kB)[cos(a), sin(a)ulq,)/sin(ar)
= (sin(a - kB)[1, 0]+ sin(kB) [cos(ar), sin(a)u]) g, /sin(a)
= ((sin(a) cos(kB) = cos(a) sin(kB))[1, 0]+ sin(kB) [cos(@), sin(a)u] ) q, /sin(a)
= ([sin(ar) cos(kB), sin(kB)sin(ar)u])q, /sin(a)

= [cos(kp), sin(kfB)ulq,



Appendix 4.1
Let gv=[5n, va] and go=[s0, Vo] be unit quaternions.

[1] 4 is a unit quaternion.

- \/(cos(kﬂ)sn — cos(a — kB)s,)’ , (cos(kB)v, —cos(a - kB)v,)’

g sin(a)? sin(ar)?

Jeos(@ = kB)* +cos(kB)> = 2cos(a - kB) cos(kB)(q, F,)

"~ sin (a)

\/cos(a —kB)* +cos(kB)* —2cos(a - k) cos(kB) cos(a)

sin(a)

_
= sin() V@)

[2] The dot product g, Lg, equals zero.

9 W = — 1( )(Sm(kﬁ)qﬁsm(a kB)q,) Ucos(kB)g, —cos(a = kpP)q,)

- (a’) ( sin(kB) cos(kB) + sin(ka) cos(a — k) cos(r)
sin
+sin(a — k) cos(kB) cos(a) —sin(a — k) cos(a — kB))

=— 21 (sin(a — kB)(cos(a) cos(kPB) + sin(a) sin(kf3))
sin” (@)

+sin(kf) cos(a — kf3) cos(a)
—sin(a — kfB) cos(kf) cos(a) — sin(kf) cos(kf))

21 : (sin*(a) cos(kB) sin(kPB) + sin(kB) cos’(a) cos(kB) — sin(kfB) cos(kf3))

sin“ (@

= 21 (cos(kB) sin(kB)(sin*(a) + cos*(a)) — sin(kf3) cos(kB))
in“(a)

=— 21 (cos(kB) sin(kfB) — sin(kf) cos(k3))
sin“ (@)
=0



Appendix 4.2

Gon =~ (sin((k +1)B)q, +sin(@ - (k +1)S)q,)
sin(Q)

=L (sin((kB+ B)q, +sin(@ ~ kB - B)q,)
sin(Q)

(sin(kB) cos(B)q, + cos(kB)sin(B)q, +

sin(ar — kf3) cos(B)q, — cos(a — k) sin(B)q,)
sin(3)
sin(Q)

1
" sin(a)

CSOS((,B))( in(kB)q, +sin(a — kB)q o)+

=cos(B)q, +sin(B)q,

= 1 (cos((k +1)B)q, —cos(a — (k +1)B)q,)
n(a)

=L (cos(kB + B)g, — cos(@ — kB - B)qy)
sin(a)

(cos(kp) cos(B)g, —sin(kB)sin(B)q, =

cos(a —kf) cos(B)q, ~ sin(a — kB)sin(B)q,)

= 9B) (cos(kB)q, - cos(a - kB)gy) - SP)
sin(a) sin(@)

=cos(B)q, —sin(B)q,

_ 1
sin(a)

(COS(kﬁ)q —cos(a —kpB)q,))

(sin(kB)q, + sin(a — kp)q,)



Appendix 6.1

Mathematical Induction:

From (Equation 6.2) we have
q,(cos(B)) = cos(0)gq, +sin(0)g, =g,
q,(cos(f3)) = cos(B)q, +sin(B)q,

[1] Basis: when =1
q,(cos(B)) = cos(2B)q, *+sin(2B)q,
= cos’(B)q, —sin’(B)g, +2sin(B)cos(B)g,
= cos’(B)q, = (1= cos*(B))g, +2sin(B) cos(B)q,
=2cos’(B)q, +2sin(B) cos(B)g, ~ 4,

= 2cos(B)(cos(B)q, +sin(B)g,) ~ 4,
= 2cos(B)g,(cos(B)) — g,(cos(p))

[2] Hypothesis: Assume it is true for any k>1
441 (cos(B)) = cos((k =1)B)g, +sin((k —1)B)g,
q,(cos(3)) = cos(kB)q, +sin(kB)q,,

[3] Induction:  Prove when k+1
441 (cos(B)) = cos((k +1)B)q, +sin((k +1)B)q,

= cos(kB)cos(B)q, = sin(kfB)sin(B)q, +
sin(kB)cos(B)§, + cos(kB)sin(B)4,
=2cos(kB)cos(B)g, —cos(kB)cos(B)q, —sin(kB)sin(SB)q, +
2sin(kpB)cos(B)q, —sin(kB)cos(B)q, + cos(kB)sin(B)qg,
=2cos(kP)cos(B)g, + 2sin(kfB)cos(B)q, =
(cos(kB)cos(B)g, +sin(kB)sin(B)g, +
sin(kB)cos(B)q, — cos(kB)sin(B)g,)
=2cos(B)(cos(kB)q, + sin(kB)q,) — (cos((k —=1)B)gq, +sin((k —1)5)§,)
=2cos(B)g, (cos(B)) = g, (cos(B))



